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Abstract. For a given measure space {X, p.) we construct all measure 
spaces (y, A) in which (X, SS, fi) is embeddable. The construction is modeled 
on the ultrafilter construction of the Stone— Cech compactification of a com- 
pletely regular topological space. Under certain conditions the construction 
simplifies. Examples are given when this simplification occurs. 



1. Introduction 

A measurable space {X, SS) is said to be embedded in a measurable space (F, ^) 
(denoted by (X, SS) C (F, -T)) if X C F and 

A measure space (A, SS, [i) is said to be embedded in a measure space {Y, A) 
(denoted by (A,^,/z) C (r,'r,A)) if (A,^) C (y,<r) and /i(C n A) = A(C) for 
each C G ^. In this note, for a given measure space (A, we construct all 

measure spaces (F, 'to, A) in which (A, SS, n) is embedded. Equivalently, for a given 
measure space (A, /i), we construct all measure spaces {Y,^,X) which contains 
(A, jj) as a thick subspace. (Recall that a subset A of a measure space (F, A) 
is said to be thick (or of full outer measure) if A(C) = for each C G such 
that C C F\A, equivalently, if A*(F\A) = 0, where A* denotes the inner measure 
induced by A. If A is a thick subset of (F, A) and if 

^ = {C n A : C e -^^l 

and ^(C n A) = A(C) for each C G then (A, S§, fi) is a measure space which is 
embedded in (F, 'i', A). Conversely, if (X,^,^) is embedded in (F, A), then A 
is a thick subset of (F, A); see e.g. Theorem 17. A of 4 .) Our construction here 
is analogous to the ultrafilter construction of the Stone~Cech compactification of 
a completely regular topological space A. (Completely regular topological spaces 
are always assumed to be Hausdorff.) 

We recall some basic facts, definitions and notation. For details we refer the 
reader to [1], [3] and [4 . Let (A, ^) be a measurable space. A non-empty Q SS 
is called a filter-base in ^ if for every A,BGsi/ there exists a non-empty C £ £/ 
such that C C A n B. A filter ^ in ^ is a filter-base such that _B G ^ whenever 
B G 3§ and F C _B for some F G An ultrafilter in ^ is a maximal (with respect 
to C) filter. An ultrafilter is called free if it has empty intersection, otherwise, it is 
called /jxed. An ultrafilter is said to have the countable intersection property (c.i.p., 
in short) if every countable number of its elements has a non-empty intersection. 
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It is known that every filter-base in is contained in some ultrafilter in .-i?, and 
that a filter-base ^ in ^ is an ultrafilter if and only if for each B <E ii B meets 
every element of jz/ then B G . Note that an ultrafilter ^ m. SS has c.i.p. if and 
only if it is a-complete, i.e., it is closed under countable intersections. 

Let X be a topological space. By a zero-set in X we mean a set of the form 
/~^(0) where f : X ^ [0,1] is continuous; the complement of a zero-set is called a 
cozero-set; denote Z(/) = /-^(O) and Coz(/) = X\Z(/). Let ^(X) and Coz(X) 
denote the set of all zero-sets and the set of all cozero-sets of X, respectively. Let 
X be a completely regular topological space. A compactification of X is a compact 
Hausdorff topological space which contains X as a dense subspace. We denote by 
f3X the Stone-Cech compactification of X, which always exists, and is characterized 
by either of the following properties: 

• Every continuous function from X to a compact space is continuously ex- 
tendible over pX. 

• Every continuous function from X to [0, 1] is continuously extendible over 

px. 

• For every Z,S e 2f{X) such that Z n 5 = we have 

cl/sxZ n clffxS = 0. 

• For every Z,S G ^{X) we have 

c\px{z r\ S) = cipxZ r^c^xS. 

Note, in particular, this implies that disjoint zero-sets (and thus disjoint closed-open 
subsets) in X have disjoint closures in fiX. For a completely regular topological 
space X the Hewitt realcompactification vX of X is the subspace of pX defined by 

vX = f]{C -.C € Coz(/3X) and X C C}. 

A topological space is said to be realcompact if it is homeomorphic to a closed 
subspace of some topological product of the real line. Every regular Lindclof topo- 
logical space is realcompact. It is known that a completely regular topological space 
X is realcompact if and only if X = vX if and only if for every p G pX\X there 
exists a zero-set Z in /3X such that p E Z and Z Ci X = 

A topological measurable space is a triple (X, ^, £§) where {X, is a measurable 
space and {X, ff) is a topological space such that ^ C i.e., every open set (and 
thus every Borcl set) is measurable. 

This note is organized as follows. In Section 2 we construct all measure spaces 
{Y, A) in which a given measure space {X, /x) is embedded. In Section 3 we 
simplify the construction under certain additional conditions on (X, -SS, /i). Indeed, 
we prove that if the points of X are separated by measurable sets in ^ and there 
is no free ultrafilter in ^ with c.i.p., then {X,^,ij,) is embeddable in (y, A) if 
and only if {Y. ^€ , A) is obtained from (X, SS, /i) by "blowing" certain points of X 
up and "pasting" a certain measurable space to X in a certain way. In Section 4 
we provide examples satisfying the assumption of the theorem in Section 3, i.e., we 
find examples of measure spaces (X, SS, /i) with no free ultrafilter in having c.i.p. 
It turns out that the class of such measure spaces (X, SS, \x) is reasonably large 
(e.g., it contains the class of all first-countable realcompact topological measure 
spaces, thus in particular, containing all n-dimcnsional Lcbcsguc measure spaces) 
and behaves very nicely in connection with the standard operations on measure 
spaces (e.g., we show that for any cr-finite measure spaces {X,^,n) and {Y,^,X) 
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such that in each of which singletons are measurable, considering the measure space 
(X X y, ^ X "^^j ^ X A), there is no free ultrafilter in ^ x ^ with c.i.p. if and only 
if there is a free ultrafilter with c.i.p. neither in nor in '^.) Finally, in Section 
5 we give examples of measure spaces {X, Si, fi) having arbitrarily large number of 
free ultrafilter in IJ§ with c.i.p. We leave some problems open which are formally 
stated. 

2. The construction of measure spaces in which a given measure 
space {x, is embeddable 

The following lemma is well known. 

Lemma 2.1. Let {X,SS) be a measurable space. Let ^ he an ultrafilter in SS. 

(1) For any B €S§ either B £ or X\B G 

(2) Suppose that has c.i.p. and Bi, B2, ■ . ■ G Then 

00 

(2.1) U ^« ^ ^ 

n=l 

if and only if Bn G for some n G N. 

Proof. To show (1), note that if i? ^ for some B € then, since ^ is an 
ultrafilter, we have i? n C/ = for some [/ G '2^. Thus U C X\B, which implies 
that X\B G 

To show (2), note that ([2Tl) holds trivially if i?„ G ^ for some n G N. To show 
the converse, suppose that (|2.ip holds, while Bn ^ for each n G N. For each 
n G N (since ^ is an ultrafilter) there exists some [/„ G such that Bn CiUn — 0- 
Now 

00 00 00 00 00 

fl [/, n U B„ - y ( fl n B„) c U ([/„ n s„) = 

i—l n—1 n— 1 i—1 n—1 

contradicting the fact that has c.i.p. □ 

Theorem 2.2. Let {X,S8,^) be a measure space. Then (Y,*^, A) is a measure 
space in which (X, S§, fi) is embedded if and only if there exists a measurable space 
(Z, S>), a collection {!^b ■ B G i^} of non-empty subsets of '21 such that 

(1) e i^0; 

(2) if B ^M, then 

{Z\D -.De^sjC 2x\s; 

(3) ifBi,B2, then 

OO 

{[jDn-. Dn e i^B„} C iS.; 
n=l 

and a collection {S%- : G U} of pairwise disjoint non-empty sets, bijectively 
indexed by a collection U of ultrafilters in ^ with c.i.p., where the sets X , for 
any G U, and Z are pairwise disjoint, such that 

Y = X[J IJ S^/UZ, 
^=|bu y S'w [J D : B <E S§ and D ^ 
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and A : [0, oo] is given by 
for each B e ^ and D G . 

Proof. Suppose that Y, '€ and A are defined as in the statement of the theorem. 
We show that (F, ^ , A) is a measure space in which (X, SS, \x) is embedded. First, 
we verify that ^ is a cr-algebra on Y . By (1) we have 6"^. Let C G We show 
that Y\C G Let 

C = BU IJ S^UZ) 

for some B <E and D € Note that for each G U we have i? ^ ^ if and 
only if X\B G this is because if B then X\S G by Lemma O the 
converse is trivial. Therefore 

Y\C = (x\j\J 5-^,Uz)\(bu IJ S^iJD^ 

= {x\B)yj(^\J s^\ y ^^^)u(z\z?) 

= (X\B)U U 5.^U(Z\I?). 

By (2) we have Z\D G Thus r\C G Now, to show that is closed 

under countable unions, let Ci, C2, . . . G Then 

C„ = B„ U U S-.^. U D„ 

where Bn G ^ and G for each n G N. Using Lemma [2Tl we have 

00 00 

U c„ = U (s„ u IJ S^i, u 

n=l n=l BnS'^eO 

00 00 00 

= u ^ u u s^^yjDr, 

00 00 

= U ^ U ^^-'z u u i?„. 

By (3) we have 

00 

n=l 

Thus 

00 

U C" e 
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This shows that is a cr-algebra on Y. Next, we show that A is a measure on 
Note that A(0) =0. If Ci, C2, . . . G are disjoint, then using the above results and 
notation we have 

00 00 00 00 

n—1 n=l n=l n=l 

This shows that {Y, , A) is a measure space. Now we show that {X, \x) is 
embedded in (F, ^, A). Obviously, by our definitions we have X C y and CnX G !^ 
for each C e Conversely, for each i? e since by our assumption 2)b is non- 
empty, we have S = C fl X for some C G ^. Thus 

=^ = {C n X : C e 

Also, it is obvious that A(C) = \i{C n X) for each C G Therefore (X, ^, pi) is 
embedded in (F,^f, A). 

Now, suppose that (F, A) is a measure space in which (X, SS, \i) is embedded. 
We show that (F, ^, A) can be constructed as in the previous part. Note that 
X C F. Define 

Z = {p G F\X : p G C C y\X for some C G "^j 

and 

^={CnZ:CG^}. 
Then obviously (Z, ^) is a measurable space. Define 

= {C n Z : C G and C n X = S} 

for each B G Obviously C Qi and is non-empty for each _B G We 
verify that conditions (l)-(3) of the theorem hold. Condition (1) holds trivially. To 
show condition (2), note that if £) G for some B € ^ then D = C (1 Z, where 
C G ^ and C n X = B. Thus 

z\D = z\{C nz) = zn {y\c). 

Now, since 

(y\c) n X = x\(c n x) = x\b 

we have Z\D G ^x\b- Therefore 

{Z\D :Dg^b}C 9x\b- 

To show condition (3), let B„ G ^ and D„ G for each n G N. Then = 
C„ n Z where C„ G and C„ n X = i?„ for each n G N. We have 

00 00 00 

U |J(znC„) = zn IJ c„ 

n—1 71=1 n—1 

X n y c„ = y (X n c„) = y B™ 

n=l n=l n=l 

y c„ G 

00 

y i)„ G lBn> 

n=l 



and 



where 



Thus 
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i.e., 

OG 

Ji=l 

This shows conditions (l)-(3). For each p e {Y\X)\Z let 

% = {Cnx -.peC e'^}. 

Claim 1. For each p e {Y\X)\Z the set is an ultrafilter in SS which has c.i.p. 
Proof of Claim 1. First note that 

(2.2) {Y\X)\Z = {y e Y\X : C n X ^ for each C G with y e C}. 

Let p e {Y\X)\Z. By we have ^ '^^p. It is obvious that ^ C ^ and 
that '^p is closed under finite intersections. Now, suppose that U C B for some 
U e % and B e S§. Then C/ = C n X for some C e ^ such that p S C, and 
S ==GnX for some Ge^. If p ^ G then p e r\G £ Thus p G Gn (y\G) G^ 
and therefore by (|2.2p and the choice of p the set Gn (F\G) flX is non-empty. But 
this is a contradiction, as 

G n X n (r\G) = c/ n (y\G) c s n (y\G) = (G n x) n (y\G) = 0. 

Thus p G G and therefore S = G n X G '^p. This shows that "^p is a filter in ^. 
To show that ^p is an ultrafilter, let i? G ^ be such that S n J7 is non-empty for 
each IJ Let B = G n X for some G G If p ^ G then p G Y\C and thus 

(y\G) n X G '^p, which is not possible, as {Y\C) n X misses -B. Therefore p G G 
and thus B = Cr\X To show that % has c.i.p., let t/i, C/2, . . . G "^p. Then 

Vn ^CnC\X where p G G„ G for each n G N. Then 

00 

p G fl G„ G ^ 

n=l 

and thus 

00 00 00 

fl i7„ = fl (X n G„) = X n fl G„ G %. 

n=l n.=l n— 1 

Therefore 

00 

ra=l 

This proves the claim. 
Let 

U={'^p:pG(n^)\Z}. 

Then U is a collection of ultrafilters in ^ with c.i.p. For each G U define 

S^, = {pe{Y\X)\Z:%^^U]. 

Note that S^^, for each G U, is non-empty, as ^ = "^p for some p G {Y\X)\Z 
and thus p G /S^g^. Also, for any distinct '2^,'^ G U we have S"^ n S*-^ — 0, as 
p G n S'r implies that 'i/ ^ % ^ y . Thus 

{5^ : G U} 
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is a bijectively indexed collection of pairwise disjoint non-empty sets. Note that by 
our definitions the sets X, S'^ where ^ G U and Z are pairwise disjoint. Let 

Y' = xv^ IJ s<^\jz 

= |b U IJ yj D : B € ^ &nd D € 9b] 

and A' : ^ [0, oo] be given by 

A'(bu U 5^U£>)=m(S) 

where B £ ^ and D e f^s • By the first part we know that {¥', '^',X') is a measure 
space in which {X, ji) is embedded. We verify that 

(y,'^,A) = (y',^',A'). 

By our definition it is obvious that Y' C Y . To show the reverse inclusion, let 

p€Y. If either p e X oi p e Z then p€Y'. If p e {Y\X)\Z, then since % & 
and by our definition p e Sn^^ , we have p S Y'. Thus Y CY' and therefore F = Y'. 
Next, we verify that = 

Claim 2. Let C e'^ and B = C n X. Then 

IJ 5^ =cn((F\^)\z). 

Proof of Claim 2. Suppose that p G for some e U such that B & ^ . If 
p ^ C then p e y\C G and thus 

(r\c) G = <2^. 

But this is not possible, as {Y\C) H X misses C C\ X ^ B. Thus p E C. Also, since 
C it is obvious that p G To show the reverse inclusion, 

note that for each p e C D ((Y\X)\Z) since p G C we have B = CnX e % and 
p G S<^^ . This proves the claim. 

Now, let C" G Then 

C = BU U S^UD. 

for some B <E .'^ and G fFs. Thus, by the way we have defined S^b we have 
D ^ C nZ, ioT some C G such that C CiX = B. By Claim 2 we have 

c' = Bu U 5^uL» = (cnx)u(cn((r\x)\z))u(cnz) = CG'^ 

Therefore C To show the reverse inclusion let C G '^f . Let B = C (1 X £ ^ 
and -D = Cn.Z. Then D G ^b, by the way we have defined 9b, and thus by Claim 
2 we have 

C={Cf)X)u{Cn {{Y\X)\Z)) Ll{CnZ)=BU IJ S^^UDe'^'. 

Therefore 'rf C 'rf', which together with the above shows that 'rf = 'rf'. The fact 
that A = A' is trivial, as by the above for each C G we have 

A(C)=M(CnX) = A'(C). 
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This completes the proof. □ 

Let (Y, A) be a measure space in which (X, /i) is embedded. Assume the 
representation and notation given in Theorem 12.21 Then 

Y = XU [j S.^UZ 

where (by the proof of Theorem 12. 2p 

Z ^{pe Y\X -.peCC Y\X for some C € "T}. 

Thus 

[j ^ iY\X)\Z 

= {pe Y\X : C n X 7^ for each C e'^ with p e C}. 

We verify that 

U s.,= 

■^eu is free 

{p G {Y\X)\Z : p is separated from each x & X hy sets in } 
and consequently 

U s,.= 

•^/ev is fixed 

{p G {Y\X)\Z : p is not separated from some x £ X by sets in "^j. 

To show this, let p G So// for some free ^ G U. Let x G X. Since is free, we 
have X (^U for some [/ G Let D e ^u- Then 

C = C/U IJ SrUDG^ 

is such that p & C and x ^ C. Conversely, let p G {Y\X)\Z be such that it can 
be separated from each x £ X by a measurable set in ^. Let G U be such that 
p G Si^. Suppose that is not free. Let x E f]^ . Let 

C ^ BU IJ SrUDe"^, 

where B £ 33 and D G ^b, be such that p e C and x ^ C. Then, since p G 5^^, 
we have B G , and thus x € B, which is not possible, as i? C C. Therefore ^ is 
free. 

Thus, in the absence of free ultrafllters in each p G Y\X (depending on 
whether p £ Z ot p ^ Z) either "separates" from the whole X by a (null) set in 
or tightly "sticks" to some point a; of X so that it cannot be separated from 
X by any measurable set in In the next section we restrict our attention to 
measure spaces (X, ji) having no free ultrafilter in iJ§ with c.i.p. As we will see, 
this assumption considerably simplifies our construction. 
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3. The case of measure spaces (X, SS, \i) with no free ultrafilter in ^ 

HAVING C.I. P. 

In this section we show that for certain classes of measure spaces (X, /i), the 
structure of measure spaces (Y, ^ ^ A) in which (X, SS^ /i) is embedded is expressible 
in a simpler way: They are simply obtained by "blowing" certain points of X up 
and "pasting" a certain measurable space to X in a certain way. This we prove in 
the next theorem. Examples of measure spaces satisfying this assumption are given 
in the next section. 

Theorem 3.1. Let (X, /i) he a measure space. Suppose that the points of X 
are separated by measurable sets in and that there is no free ultrafilter in SS with 
c.i.p. Then (Y,*^, A) is a measure space in which {X^SS,^) is embedded if and only 
if there exists a measurable space {Z, 2!), a collection {^b '■ B 6 of non-empty 
subsets of Sf such that 

(1) e i^e; 

(2) if B ^SS, then 

{Z\D -.De^b}^ S)x\b\ 

(3) if Bi,B2, ...eS§, then 

OO 

n=l 

and a collection {T„ : u £ U} of pairwise disjoint non-empty sets, bijectively indexed 
by a subset U of X , where the sets X , for any u E U , and Z are pairwise disjoint, 
such that 

y = X u IJ T„ u z, 

ueu 

-^^jfiU y Tu^ D : B E and D E 2)b^ 
uGBnu 

and A : — )■ [0, oo] is given by 

a(bu U TuUD^=^i{B) 

ueBnu 

for each B e S§ and D E 2>b- 

Proof. Suppose that {Y, , A) is a measure space in which (X, SS, /i) is embedded. 
Assume the representation given for (F, ^ , A) in Theorem l2.2l Assume the notation 
of Theorem 12.21 By our assumption for each ^ S U the set is non-empty. 

Note that p| is a singleton, as if x, z g p| and x ^ z, then by our assumption 
X E B and z ^ B for some B E Now X\B G ^ intersects each element of , 
thus X\B e This contradicts the fact that x ^ X\B. Let 

Define 

U = {u^ -."^ e U}. 
Claim 1. For each eV we have 



^ {B E ^ -.uo^ E B). 
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Proof of Claim 1. Let £ U. Obviously, u-^ £ B for each B ^ . Conversely, 
if B e is such that e B then B e . As otherwise, i? n G = for some 
G G Thus G C X\B e ^ which implies that X\B G . This contradicts the 
fact that ua/^ ^ X\B and proves the claim. 

For each u gU there exists some € U such that u = . Note that by Claim 1 
such a ^ is unique; let T„ = 5^ . The collection 

{Tu-.uG U} 

consists of non-empty sets which arc pairwise disjoint and bijcctivcly indexed (as 
any distinct u,v G U are of the form u = tt<2^ and v = u-y for some distinct 
gU). 

Claim 2. For each B G ^ we have 

u U 

Proof of Claim 2. Suppose that S G ^ G U. By Claim 1 we have G BnU. 

Note that T„„^^ = Sa/^ . To show the reverse inclusion, \ci u G B {^U . Let G U 
be such that u = u^^ . Then, by our definition T„ = S<^ . Note that by Claim 1 we 
have B G'^. This proves the claim. 

Note that '\{ B = X then Claim 2 implies that 

u ^« = U 

Prom the above the desired representation of {Y, , A) follows. 

Conversely, suppose that Y , and A are given as in the statement of the theorem. 
Assume the notation of the theorem. For each u gU define 

^^ = {B G^ -.ugB}. 

Claim 3. For each u gU the set is an ultrafilter in ^ with c.i.p. 

Proof of Claim 3. Let ugU. Obviously, ^ ^„ C ^, ^ ^„ and is closed 
under finite intersections. Also, note that if G C _B for some G G '^u and i? G 
then B G'^u- Thus '^u is a filter in To show that '^u is an ultrafilter, suppose 
that B G <^ is such that B fl G is non-empty for each G G If B ^ then 
u i B. Thus u G X\B G ^ and X\B G ^u- But X\B misses B, which is a 
contradiction. Therefore B G '^u- The fact that has c.i.p. is obvious. This 
proves the claim. 

Let 

U = {%,, : u G U}. 

Note that each G U is of the form for some unique u gU. This is because if 
'^u = '^ = for some distinct u,v gU, then by our assumption u G B and v ^ B 

for some B G SS. Thus B G 'Wu\'^v Therefore 7^ which is a contradiction. 
For each G U define Scg^ = T„, where u gU is such that = The collection 

{S^^ : ^ G U} 

consists of non-empty sets which are pairwise disjoint and bijectively indexed (as 
distinct elements of U are assigned to distinct elements of U). 
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Claim 4. For each B € we have 

Proof of Claim 4- Let u G BOU. Then, by our definition of ^„ we have B G G U. 
Also, by our definition T„ = 5^^. To show the reverse inclusion, let B & G U. 
Let u G U he such that ^ = '^u- Then, by our definition S'^ = T„. But since 
B G '^u, by our definition we have u G B, and thus u G B C] U . This proves the 
claim. 

Note that ii B — X then Claim 4 implies that 

u = u ^- 

From the above and Theorem 12.21 the result follows. □ 
4. Examples of measure spaces {X, SS, ^) with no free ultrafilter in 

HAVING C.I. p. 

In this section we give examples of measure spaces (X, /i) for which the as- 
sumption of Theorem 13.11 holds, i.e., measure spaces (X, /i) for which there is 
no free ultrafilter in ^ with c.i.p. The following gives some equivalent ways to 
express this condition. The equivalence of conditions (1) and (2) in the following 
proposition is well known; we include the proof in here for the sake of completeness. 

Proposition 4.1. Let (X,!^) be a measurable space. Then the following are equiv- 
alent: 

(1) There is no free ultrafilter in SS with c.i.p. 

(2) For every {0, 1} -valued measure fi on whose null sets cover X we have 
A* = 0. 

(3) For every {0, l}-valued measure ^ on whose null sets cover X , if'^'^SS 
is non-empty and such that [J''^ € then 

^(U*^) = supA^(C). 

Proof. That (2) implies (3) is trivial. (1) implies (2). Let fihe a non-trivial {0, 1}- 
valued measure on ^ whose null sets cover X. Define 

^ {B e^: ^i{B) = 1}. 

We show that ^ is a free ultrafilter in 3§ with c.i.p. If i^, G G then since 

^iiFuG) = ^iiF\G) + ^iiG) 

and fJ.{G) = 1, we have fi{F\G) ~ 0. Therefore 

li{F n G) = KP\G) + n G) = ^iiF) = 1 

and thus n G G ^. Obviously, if C S for some F e ^ and B e then 
B G ^. Therefore, ^ is a filter in SS. To show that ^ is an ultrafilter, let B G ^ 
be such that B ^ F \s non-empty for each F G ^ . If B ^ then fi{B) = 0, and 
thus, since iJ,{X\B) = 1, we have X\B G But this is not possible, as B misses 
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X\B. Therefore B e ^. To show that ^ has c.i.p., let Fi,F2,... 6 Without 
any loss of generality we may assume that Fi D F2 ^ ■ ■ ■ . If 

00 

n=l 

then 

00 

n=l 

Thus (with the empty intersection interpreted as X) we have 

00 00 00 

(4.1) 1 = ^i(x\ fl Fn) {Fn-l\Fn)) = J] A^(F„_i\K). 



n=l 



Now, each G„ — F„_i\F„, where n £ N, misses F„ e ^ and thus G„ ^ ^ 
therefore /^(G„) = 0. This contradicts (14.11) and shows that 

00 

f]F„e^. 



n=l 



To show that is free, let x ^ X. By our assumption a; e _B for some B 
such that ^(B) = 0. Thus ^i{X\B) = 1. But X\B e ^ and x ^ X\B. Therefore 

(3) implies (1). Suppose that there exists a free ultrafilter ^ in ^ with c.i.p. 
Define fi : M {0,1} such that = 1 if B e ^ and //(S) = if B ^ ^. To 

show that /i is a measure, first note that /i(0) = 0. Let Bi, B2, . . . G ^ be pairwise 
disjoint. Suppose that 

00 

Then Bn ^ =^ for some n eN. Therefore 

00 00 

(4.2) /x( (J i?„) -^A*(S») 

n— 1 n— 1 

as each side is identical to 0. Suppose that 

oo 

IjBne^. 

n=l 

By Lemma 12.11 this implies that i?„ G for some n G N. Note that for each 
n ^ i e N, since Si n i3„ = we have Si ^ ^. Thus (14.21) holds, as in this case 
each side is identical to 1. This shows that /i is a measure. Since ^ is free, for 
each X G X there exists some F G such that x ^ F. Thus x G X\F, and since 
X\F ^ ^ we have fJ.{X\F) = 0. Therefore the null sets of ^ cover X. Now, let 

^ = : F G ^}. 

Then since ^ is free, we have IJ*^^ = -'i^, and therefore by our assumption 

sup ^i{X\F) = sup fi{C) = A*(U'^) = Ai(^) = 1. 

But this is not possible, as if G =^ then X\F ^ as it misses F, and thus 
/i(X\F) = 0. □ 
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Theorem 4.2. Let {X,3§) be a measurable space. If X is countable then there is 
no free ultrafilter in ^ with c.i.p. 

Proof. Let X = {xi,X2, • ■ •} and let =^ be a free ultrafilter in ^. Since ^ is free 
for each n e N there is some F„ G ^ such that a;„ ^ F„. Then 

oo 
n=l 

and thus ^ does not have c.i.p. □ 

Theorem 4.3. Let {Y, be a measurable space. Let X & ^ and 

^ = {C -.C CX}, 

i.e., X € and {X,M) is embedded in {Y,'rf). If there is no free ultrafilter in ^ 
with c.i.p. then there is no free ultrafilter in with c.i.p. 

Proof. Simply note that if ,^ is a free ultrafilter in ,^ with c.i.p., then 

^ = {G e : G D F for some F e 

is a filter in which is an ultrafilter (as if G G meets each G € $f then, since 
^ C ^, the set (X n G) n F = G n F is non-empty for each F e ^ and thus 
XnC which implies that G G ^, as X n G C G) and it is free (as ^ C ^ and 
thus 0^ — 0"^ is free) and has c.i.p. (as ^ has, and if Gi, G2, . . . G 5f 

then 

00 00 

n G„ 3 Pi f„, 

n—l n—1 

where for each n G N, the element F„ G =^ is such that F„ C G„). □ 

Theorem 4.4. Let {X, SS) C (F, ^) and let Y\X be countable. If there is no free 
ultrafilter in SS with c.i.p. then there is no free ultrafilter in with c.i.p. 

Proof. Let 

Y\X = {y,,y2,...}. 

Let be a free ultrafilter in with c.i.p. Since Jtf is free, for any n G N there 
exists some Hn G Jtf such that y„ ^ i?„. Let 

s^ = {HnX iH eJif}C^. 

Note that ^ ^, as otherwise if n X = for some H Now 

00 

as 

00 00 

n fl ir„ c (X n if) u ({y\x) n f| ir„) = 

n=l n=\ 

contradicting the fact that M' has c.i.p. Thus ^ is a filter-base in ^, as ^ is 
closed under finite intersections. Let ^ be an ultrafilter in ^ such that ^ C 
Then since 
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(and is free), ^ is free. To show that ^ has c.i.p., let Fi,F2, . . . G J^. Let 
Fn = Cnf^X whore C„ e ^ for each n G N. Let n e N. For each H G Jf, since 
ilnXejz/C^we have 

Therefore HCiCn is non-empty and thus (since is an ultrafilter) C„ G . Now, 
since 

oo oo oo oo 

fl c„ n fl ir„ c (xnf]Cn)u ((r\x) n f| 

n=l n=l n=l n=l 

oo oo 

= fl (X n c„) = fl F„ 

n=l 71=1 

and has c.i.p., we have 

oo 
n=l 

Therefore <^ has c.i.p. □ 

If (X, ^) and {Y, are measurable spaces, we denote by =^ x the smallest 
cr-algebra on X x y containing the set 

{B X C : B G ^ and C G -^1 

of all measurable rectangles in X x y. 

Theorem 4.5. Let {X,^) and {Y,'^) be measurable spaces such that in each of 
them singletons are measurable. Then the following are equivalent: 

(1) There is no free ultrafilter in x 'i^ with c.i.p. 

(2) Neither there is a free ultrafilter in ^ with c.i.p. nor there is a free ultrafilter 
in with c.i.p. 

Proof. (1) implies (2). Let ^ be a free ultrafilter in ^ with c.i.p. Fix some y €Y 
and let 

^= {F x{y}:F G 

Then jz/ is a filter-base in ^ x 'i', as ^ ^ and is closed under finite intersections. 
Let be an ultrafilter in ^ x such that ^ C Then 

and is also free. We verify that has c.i.p. Let H\,H2,... G M'. Let 

ff« = {xGX: (x,2/) gF„} 

for each n G N. Then for each n G N, being the y-section of the measurable 
set Hn of ^ X "if is measurable in X. Note that for each n G N and F G ^ , since 
-F X {y} G J^, we have 

Hnn{Fx {y}) ^ 0, 

and thus H^CiF is non-empty. Therefore, since ^ is an ultrafilter, we have G ^ 
for each n G N. Since ^ has c.i.p., we have 



n=l 
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Now since 

oo CXD 

n—1 n—1 

it follows that 

oo 

n H,, ^ 0. 

n=l 

A similar argument can be used in the case when there is a free ultrafilter in ^ 
with c.i.p. 

(2) implies (1). Let be a free ultrafilter in ^ x with c.i.p. Let 

£/ ^ {B e £g : B X C e for some C £ '^}. 

Then ^ is a filter-base in as ^ and it is closed under finite intersections. 
Let ^ be an ultrafilter in ^ such that ja/ C 

Claim. For each F e ^ we have F xY e J^. 

Proof of the claim. Otherwise, if x F ^ Jif for some F e then since is an 
ultrafiher, we have (i^ x F) n iJ = for some H £ .^f . Thus H C {X\F) x Y and 
therefore {X\F) xY £ .ye . But this implies that X\F e ^, and thus X\F e ^, 
which is not possible, as it misses F e ^ . 

Now, we show that ,^ has c.i.p. Let Fi, i^2, ■ ■ • £ By the above Fn xY £ 
for each n e N and thus, since has c.i.p., 

oo 

fl X y) ^ 0. 

n=l 

But 

OO oo 
n—1 n—1 

Therefore 

oo 
n=l 

By our assumption ^ is not free, i.e., p| ^ is non-empty. Let p e fl^^- Then 
{p} G ^ meets each F e and thus, since ^ is an ultrafilter we have {p} G ^ . By 
the claim {p} x F G Similarly, there exists some g G F such that X x {g} G 
Now 

{(p,<?)} = (M x F) n (X X {g}) G ^ 

and thus, since {(p, g)} n if is non-empty for each Fl G we have (p, g) G 
which is a contradiction. □ 

Let X be a completely regular topological space. Recall that the a-algebra of 
Baire subsets of X (denoted by ^^*{X)) is the smallest cr-algebra in X containing 
^{X). By a Baire measure on X we mean a finite measure on £s§*(X). The support 
of a Baire measure /i on X is defined to be the set 

{x€X : fi{U) > for every U G Goz{X) such that a; G C/} 

and is denoted by supp(/i). 

The following Lemma is well known. (See [2].) 
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Lemma 4.6. Let X be a completely regular topological space. Then the following 
are equivalent: 

(1) X is realcompact. 

(2) Each {0, l}-valued non-trivial Baire measure on X has a non-empty sup- 
port. 

(3) Each ultrafilter in ^(X) with c.i.p. is fixed. 

Theorem 4.7. Let (X, i^) be a first- countable realcompact topological measur- 
able space. Then there is no free ultrafilter in SS with c.i.p. 

Proof. We prove the theorem in two different ways. Our first approach, which is 
rather direct, is more topologicai; our second approach makes use of the character- 
ization given in Lemma 14.61 

First approach. Suppose to the contrary that there exists a free ultrafilter ^ in 
with c.i.p. Note that the collection ^ of all measurable sets can be considered 
as a base for a topology on X, as it is closed under finite intersections and covers 
X. Denote by the topology generated by on X. Since {X, 0) is Hausdorff 
and C the topological space (X, Gag) is Hausdorff and therefore completely 
regular, as the elements of SS are closed-open in {X, Gag). Let 

: /?(X, G^) ^ G) 

continuously extend 

\Ax : (X, Gsg) ^ (X, G). 

Since 

has the finite intersection property, as has, by compactness we have 
G = [\{c\f,(x,0^)F : F e ^} ^ 0. 

Let p ^ G. Note that since ^ is free we have p <^ X, as otherwise 

peXr\c\^i^x.0,^)F = F 

for each F d ,^ . 

Claim. // V is an open neighborhood of in (3{X, G) then V H X € ^ . 

Proof of the claim. Suppose the contrary, i.e., suppose that V DX ^ ^ . Note that 
y n X G ^ C ^. Since ^ is an uhrafiher, n X n F = for some F e ^. Since 
V C\X <^ £^ and F e the sets V ^X and F are closed-open in (X, Gag)^ and 
therefore 

cl/3(x,€?^) iyr\X)r\ c\fii^x,e,^)F = cXp^x.e^) (V n X n F) = 0. 
By the choice of p we have 

Pic\fn^x,0,^){y r\X). 

Let W be an open neighborhood of p in /3(X, Gag) such that W r\V r\ X = By 
continuity of there exists an open neighborhood U of p in l3{X, Gag) such that 
0(C/) C V . Then (since (t>\X = idx) we have 

u r\W r\ X ^ (l){u r\W r\ X) Q (/^{u) nwnx cvnwnx ^9. 

But this is a contradiction, as UOW, being a non-empty open subset of fi{X, Gag)^ 
meets X. Thus V n X e ^. 
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Next, we show that ^(p) ^ X. Suppose the contrary. By our assumption, there 
exists a countable base 

{Vn : n e N} 

at (j){p) in {X, 0). By the claim, Vn ^ ^ for each n G N. Now, since ^ has c.i.p., 
for each F G we have 

oo 
ri=l 

Thus G Pi which is a contradiction, as ^ is free. Therefore <^{j>) G 

/3(X, Since, by our assumption (X, ^) is realcompact, there exists a zero- 

set Z in /3(X, G) such that G Z and Z n X = 0. Let Z = /-^(O) for some 
continuous / : ii{X, ff) -> [0, 1]. Now, for each n G N the set f^^{[Q, l/n)) is an 
open neighborhood of in ff), thus by the claim 

ri([o,i/n))nXG^. 

Since ^ has c.i.p. we have 

oo 

znx = /-i(o)nx= fl /-i([o,i/n))nx^0 

n=l 

which contradicts the choice of Z . 

Second approach. Suppose to the contrary that there exists a free ultrafilter ^ in 
3§ with c.i.p. Define v : 3§ ^ {Q,!} such that v{B) = Qii B ,^ smA v{B) = 1 
if S G ^ ■ Then (as in the proof of Proposition 14. II (3)=4'(1)) v \s a, measure. Note 
that S§ contains the set !3§*{X) of Baire subsets of X (as each zero-set in X , being 
&Gs, is contained in Denote 

^l = v\.^^*{X) : SS*{X) {0,1}. 

Then /i is a non-trivial Baire measure on X , and since we are assuming that X is 
realcompact, by Lemma 14.61 it has non-empty support. Let x G supp(/i) and let 
{Cn : n G N} be a local base at x in X. Without any loss of generality (since 
X is completely regular) we may assume that C„ G Coz(X) for each ti G N and 
Ci 3 C2 3 • • ■ . Then 

00 

ji=i 

But this is a contradiction, as (since x G supp(//)) /i(C„) = 1 for each n G N, and 
since ^ is free, 

00 

fl Cn = {x} i ^; 

as otherwise, a; G F for each F G as {x} n F is non-empty, and thus (by our 
definition of i') 

m( n = 0- 

□ 

Obviously, every n-dimensional Euclidean space M", where n G N, is realcom- 
pact. Thus, from Theorem 14. 71 we obtain the following. 
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Corollary 4.8. Let (M", ^) be the Lehesgue measurable space, where n 6 N. Then 
there is no free ultrafilter in ^ with c.i.p. 

Recall that a cardinal C is said to be measurable if there is a non-trivial {0, 1}- 
valued measure defined on the power set ^{X) of a set X of cardinality C which 
vanishes at singletons. The following is well known. 

Theorem 4.9. In the measurable space {X, let S8 = S^{X). Then the following 
are equivalent: 

(1) There is no free ultrafilter in SS with c.i.p. 

(2) X is of non-measurable cardinality. 

Our next theorem is sort of converse to Theorem 14.71 We need, however, some 
definitions and some lemmas first. 

Let X be a completely regular topological space. For an open subset U oi X the 
extension of U to j3X is defined by 

ExxC/ = pX\c\0x{X\U). 

The following lemma is well known (see Lemma 7.1.13 of [1] or Lemma 3.1 of 

i)- 

Lemma 4.10. Let X be a completely regular topological space and let U and V be 
open subsets of X . Then 

(1) X n Exx^7 — U, and thus clpx^^xU = c\pxU. 

(2) E^x{U nV)^ ExxC/ n ExxV. 

The following lemma is proved by E. G. Skljarenko in [5]. It is rediscovered by 
E. K. van Douwen in 

Lemma 4.11. Let X be a completely regular topological space and let U be an open 
subset of X. Then 

bd^xExjfC/ = cl/sx'bdxU. 

Lemma 4.12. Let X be a completely regular topological space. If B is a subset of 
X with compact boundary then 

c\pxB\X = Exx{mtxB)\X. 

Proof. Since hdxB is compact, we have 

dpxhdxB C hdxB C X, 

and therefore 

clpxB\X = dfix{intxBUhdxB)\X 

= {clpxintxBUclfixhdxB)\X 

= icl0xiiitxB\X) U {clpxhdxB\X) = clpxintxB\X. 
By Lemma 14.101 we have 

clf!xintxB\X = clf!xExx{mtxB)\X 

= {ExxiintxB) U hdpxExx{intxB))\X 
= {ExximtxB)\X) U {hdpxExx{mtxB)\X) . 
But by Lemma 14.111 we have 

bd,3xExx(intx-B) = cl^xbdx(intx-B). 
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On the other hand bdjc(intx-B) ^ hdxB. Thus 

di3xhdx{mtxB) C hdxB C X. 
Combining these, we obtain the resuU. □ 

Note that if U is an open subset of a completely regular topological space X, 
then (since X is dense in /3X) we have 

clpxU = clpx{UnX). 

We use this simple observation in the following. 

Theorem 4.13. Let {X, ff, SS) he a completely regular topological measurable space. 
Suppose that each B ^ has compact boundary in X . If there is no free ultrafilter 
in with c.i.p. then X is realcompact. 

Proof. Suppose the contrary, i.e., suppose that X is not realcompact. Then X ^ 
vX. Let p e vX\X. Let 

We show that ^ is a free ultrafilter in with c.i.p., contradicting our assumption. 
Note that 7^ ^ C ^ and % ^ ^. Suppose that F,G £ Then, by Lemmas 
HAUI and WJ^ we have 

p e {clfixFnc\pxG)\X 

= {c\pxF\X)n{dpxG\X) 

= {ExximtxF)\X)n{ExximtxG)\X) 

= (Exx (intx^^) n Exx (int^G)) \X 

= Exx{mtxFr\mtxG)\X 

= Exx{intx{FnG))\X = cl0x{FnG)\X. 

Therefore p G cl/ixiF n G)\X and thus FnG e Next, suppose that F C S for 
some B € 3§ and F G ^. Then 

p G clpxF C clpxB 

and thus i? G This shows that ^ is a filter in 3§. To show that ^ is an 
ultrafilter, let i? G ^ be such that B n F is non-empty for each F G ^. If S ^ ^ 
then p ^ cipxB. Thus p G di3xiX\B), i.e., X\B G But this is not possible, as 
X\B misses B. Therefore B G To show that ^ is free, let x € X. Then (since 
p ^ X) there exist some disjoint open neighborhoods U and of p and x in 
respectively. Then 

pedpxU ^dpxiUnX) 

and thus (since U Ci X <E C ^) we have x U D X e ^. Therefore x f]^. 
Thus fl =^ = and ,^ is free. To show that ^ has c.i.p., let Fi, F2, . . . G ^. Then 
P G cl^xF„ for each n G N and thus, since by Lemma [4. 121 we have 

dpxFnXX = Exx(intxF„)\X 

it follows that p G Exx(intxF„). For each n G N, let /„ : (3X [0, 1] be continuous 
and such that 

fn{p) = and /„l(/3X\Exx(intxF„)) = 1. 
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Then 

OO 

pez^f] z(/„) e ^WX). 

n=l 

li Z r\ X = % then Z C pX\vX, which is a contradiction, as p £ vX. Thus, using 
Lemma [4. 101 we have 

OO 

%^z^x = f|z(/„)nx 

n=l 

OO OO OO 

C Pi Exx(intx^^„) n X = Pi intxi^n C Q F„. 

n— 1 n— 1 n— 1 

Therefore 

OO 

n=l 

This show that ^ has c.i.p. □ 

Remark 4.14. In the case when X is normal, using Lemma 14.61 one can give an 
ahernative proof for Theorem 14.131 To show this assume that there exists a non- 
trivial {0, l}-valued Baire measure v on X whose support is empty. Let 

^ = {B e : u*{X\B) = 0} 

in which v* is the outer measure induced by v. We verify that ^ is a free ultrafilter 
in !3§ with c.i.p. Obviously, ^ is non-empty (as X e ^) and ^ ^ (as v is non- 
trivial) . Note that for any F,G ^ since 

iy*{X\{FnG)) = ly* {{X\F) LI {X\G)) < ly* {X\F) + i^* (X\G) = 

we have FnG e ^. Also, if F C B for some F e ^ and B e (since X\B C 
X\F) we have 

v*{X\B) < iy*{X\F) = 
and thus B g Therefore ^ is a filter in To show that ^ is an ultrafilter, 
let B £ ^ be such that B f) F is non-empty for each F S Since supp(j^) — 0, 
for each x £ X there exists some Ux £ Coz(X) such that x £ Ux and v{Ux) = 0. 
By compactness of bdxB there exist xi, . . . ,Xn E X such that 

n 

hdxBc\JUx,. 

i=l 

Let 

n 

U^[jUx, eCoz(x). 

Then 

c\xB\U C clxB\bdjfB C intjfB 

and thus (since we are assuming that X is normal) by the Urysohn Lemma there 
exists a continuous f : X ^ [0,1] such that 

f\{X\mtxB) = and f\{c\xB\U) = 1. 

Now, if B ^ ^ (by the definition of ,^) we have iy*{X\B) = 1. Thus, since 
X\B C Z(/) we have 

^(Z(/))=:.*(Z(/)) = 1 
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and therefore 

t/(Coz(/)) = 1 - zy(Z(/)) = 0. 

Now, since 

n 

B C dxB C {c\xB\U) U [/ C Coz(/) UU = Coz(/) U |J C/^, 

i=l 

we have 

n 

,y*{X\{X\B)) = v*{B) < z/(Coz(/)) +5^K«^,J = 0. 

i=l 

Therefore (by the definition of X\B G which is not possible, as it misses 
B. This contradiction shows that ^ is an uhrafilter. It remains to show that ^ 
has c.i.p. But this follows easily, as if Fi, i^2, • • • € then since 

oo cx:) oo 

u* {X\ ^F^=v*([j {X\F,)) <Y,y* {X\Fi) = 

i=l 1=1 i=l 

we have 

oo 
i=l 

Finally, note that ^ is free, as for each x € X since v{Ux) =0 (with Ux as defined 
in the above) we have X\Ux € and thus a; ^ P| J^. 

Theorem 4.15. Let {Y,'^ he a first- countable Hausdorff topological measurable 
space. Let {X, SS) C (y, and let Y\X be Lindeldf. Lf there is no free ultrafilter 
in with c.i.p. then there is no free ultrafilter in ^ with c.i.p. 

Proof. For each y gY, let 

: n e N} 

be an open base at y in Y. Suppose to the contrary that there exists a free ultrafilter 
in with c.i.p. 

Claim 1. For each y & Y there exist some riy G N and Hy G Jif such that 

vinHy = 9. 

Proof of Claim 1. Suppose the contrary, i.e., suppose that for some y G Y the 

set V^f n is non-empty for each n G N and H G . Note that since ^ is an 
ultrafilter in this implies that G for each n G N. Since Y is Hausdorff, we 
have 

oo 

n = {yh 

n=l 

and since has c.i.p., we have 



Hn{y} = Hn f] yy^iD 



i.e., y G H ior each H G , contradicting the fact that is free. This shows 
Claim 1. 

Claim 2. H Ci X is non-empty for each H G Jif. 
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Proof of Claim 2. Suppose the contrary, i.e., suppose that H C Y\X for some 
H GJtf. Since 

Y\X C \J{Vl : y G Y\X} 
and Y\X is Lindelof, we have 

oo 

Y\X C y 

i=l 

for some yi, t/2, • • • S y\X. Now, by Claim 1 we have 

oo oo oo 

Hnf]Hy^ c {[jvy^^)nf]Hy^ 

j=l i^l j^l 

CXD oo oo 

i=l j=l i=l 

contrary to the fact that Jif has c.i.p. 
Let 

S2f = {H nX : H e Jif}. 

Then ^ C ^ {as {X, £g) C {Y, and C "T) and by Claim 2 we have ^ ^. 
Since ^ is obviously closed under finite intersections, as is so, ^ is a filter-base 
in Let ^ be an ultrafilter in ^ such that C Since is free, we have 

p|^cp|^ = p|^nx = 

i.e., also is free. To show that ^ has c.i.p., let Fi, F2, . . . e Let F„ = C„ nX 
where C„ e for each n e N. For each n G N and H € M', since nX e ^ C ^, 
we have 

0^i?nxnF„ = ifnxnC„ciinC„ 

and thus, since is an ultrafilter in ^, we have C„ e . Now, for each H e J^, 
since has c.i.p., we have 

00 

and therefore 

00 

By Claim 2 we have 

00 00 

This shows that <^ is a free ultrafilter in ^ with c.i.p., which is a contradiction. □ 

Note that in the above proof we only need Y to be first-countable at the points 
of Y\X. 
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5. Examples of measure spaces {X,S§,^) with an arbitrarily large 
number of free ultrafilters in ^ having c.i. p. 

Example 5.1. Let be a cardinal. Then there exists a measure space {Z,!^,^) 
having at least ( free ultrafilters in Ql with c.i.p. 

Proof. Let {X,^,fi) be a measure space in which is a non-trivial {0,l}-valued 
measure which (is defined and) vanishes at singletons. Let {Y, A) be a a-finite 
measure space in which singletons are measurable and such that card(y) > C- By 
Proposition |4jT] there exists a free ultrafilter ^ in ^ with c.i.p. To see this, simply 
let 

£/ = {{x} -.xex} 

and observe that (since fi is non-trivial) 

^( I J ) = fi{X) = 1 7^ = sup fi{x) = sup fi{A). 
^ ' xex Aes^ 

For each y G F, let be an ultrafilter in ^ x such that 

{F X {y} : F e ^} C Jify. 

By the proof of Theorem 14.51 the ultrafilter for each y G F, is free and has 
c.i.p. Note that Jf^'s are distinct if y G F are distinct. The measure space {X x 
Y, [jS X ^ , ^ X X) has the desired property. □ 

6. Questions 

We conclude this article with the following questions. 

Question 6.1. In Theorem \4.7\ does the converse hold? More precisely, for a first- 
countable topological measurable space {X, G ^ S8) does the non-existence of any free 
ultrafilter in SS with c.i.p. imply its realcompactness? 

Question 6.2. It is known that each finite measure space can be embedded in a 
perfect measure space. Even more, each finite measure space can be embedded in 
a compact (in the sense of Marczewski) measure space. Find the corresponding 
choices ofV, S^^ where eV, {Z, ^) and {^s : B G ^} in Theorem [2^ for any 
such embeddings. 
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